
Integrable Systems — Exercise Sheet 17
Dressing and the thermodynamic Bethe ansatz
Variant: Questions only

Conventions, as in Lecture 17, for the gas (ℏ = 2𝑚 = 1, 𝑐 > 0): 𝐾 (𝑘) = 2𝑐/(𝑘2 + 𝑐2),
bare momentum 𝑝0 = 𝑘 and bare energy 𝜀0 = 𝑘2; the filling fraction 𝜗 = 𝜌/𝜌𝑡, 𝜌𝑡 =

𝜌 + 𝜌ℎ, and the dressing 𝑓dr = 𝑓 + 1
2𝜋

∫
𝐾 (· − 𝑘′) 𝜗(𝑘′) 𝑓dr(𝑘′) d𝑘′; the density equation

𝜌𝑡 =
1
2𝜋 + 1

2𝜋

∫
𝐾 (· − 𝑘′)𝜌(𝑘′) d𝑘′. At 𝑇 = 0 the sea is [−𝑞, 𝑞], 𝜗 its indicator, and the dressed

energy solves 𝜀(𝑘) − 1
2𝜋

∫ 𝑞

−𝑞 𝐾 (𝑘− 𝑘
′)𝜀(𝑘′)d𝑘′ = 𝑘2−𝜇 with 𝜀(±𝑞) = 0. At 𝑇 > 0 the Yang–Yang

equation is 𝜀 = 𝑘2 − 𝜇 − 𝑇
2𝜋

∫
𝐾 (𝑘− 𝑘′) ln

(
1 + 𝑒−𝜀(𝑘′ )/𝑇

)
d𝑘′, with 𝜗 = 1/(1 + 𝑒𝜀/𝑇 ) and pressure

𝑃 = 𝑇
2𝜋

∫
ln(1 + 𝑒−𝜀/𝑇 )d𝑘; 𝑃F is the free-fermion pressure, the same with 𝜀 = 𝑘2 − 𝜇.

Exercise 1 (dressing). (i) Show that 2𝜋𝜌𝑡 = (𝑝′0)
dr for every 𝜗. (ii) At 𝑇 = 0, with 𝜀(±𝑞) = 0,

show that 𝜀′ = (𝜀′0)
dr on (−𝑞, 𝑞). (iii) The edge condition matters: for 𝑓 (𝑘) = 𝑘, which does

not vanish at ±𝑞, compute ( 𝑓dr)′(0) and ( 𝑓 ′)dr(0) at 𝑐 = 𝑞 = 1.

Exercise 2 (counting). (i) Show that ln
(𝐴
𝐵

)
= 𝐴 ln 𝐴 − 𝐵 ln 𝐵 − (𝐴 − 𝐵) ln(𝐴 − 𝐵) + 𝑂(ln 𝐴)

for 0 < 𝐵 < 𝐴. (ii) Deduce Lecture 17’s entropy density 𝑠 =
∫ [

𝜌𝑡 ln 𝜌𝑡 − 𝜌 ln 𝜌 − 𝜌ℎ ln 𝜌ℎ
]
,

and show that its integrand is 𝜌𝑡 𝜎(𝜗) with 𝜎(𝜗) = −𝜗 ln𝜗 − (1 − 𝜗) ln(1 − 𝜗). (iii) Where
is 𝜎 largest, and what is it at 𝜗 = 0 and 1? (iv) Show that 𝐹(𝑥, 𝑦) = 𝑦 𝜎(𝑥/𝑦) is concave
on 0 < 𝑥 < 𝑦, and deduce that 𝑠 is concave in 𝜌 (Lecture 17 uses this to show that the
Yang–Yang point is a minimum).

Exercise 3 (the Yang–Yang equation: three limits). (i) With 𝐾 → 0 (impenetrable), show
that the Yang–Yang equation gives free fermions: 𝜀 = 𝑘2 − 𝜇, 𝜌𝑡 = 1

2𝜋 , and 𝑛 = 𝜕𝑃F/𝜕𝜇
is the Fermi–Dirac density. (ii) As 𝜇/𝑇 → −∞ (dilute), show that 𝑃F/𝑇3/2 → 𝑒𝜇/𝑇/(2

√
𝜋),

Lecture 17’s Boltzmann asymptote. (iii) With 𝑘 =
√
𝑇 𝜅 and 𝑐 =

√
𝑇 𝑐̂, show that 𝜀/𝑇 depends

on (𝜅, 𝜇/𝑇, 𝑐̂) only, and 𝑃/𝑇3/2 on (𝜇/𝑇, 𝑐̂) only.

Exercise 4 (large 𝑐: a longer box). Lecture 17 proves that as 𝑐 → ∞, 𝜀(𝑘) = 𝑘2 − 𝜇 − 2𝑃/𝑐 +
𝑂(𝑐−2) uniformly on compact sets. (i) Deduce that 𝑃 = 𝑃F(𝜇 + 2𝑃/𝑐) + 𝑂(𝑐−2), and compare
with hard rods of length 𝑎, 𝑃 = 𝑃F(𝜇 − 𝑎𝑃): what is 𝑎? (ii) (Computational.) At 𝑐 = 100,
𝑇 = 𝜇 = 1, solve the Yang–Yang equation by the tutorial’s iteration. By how much does 𝑃
exceed 𝑃F(𝜇), and how well does 𝑃 = 𝑃F(𝜇 + 2𝑃/𝑐), solved for 𝑃, account for it?

Exercise 5 (Lieb’s two branches). (Computational.) Take 𝛾 = 4 and 𝑛 = 1 (so 𝑐 = 4),
at 𝑇 = 0. (i) Find 𝑞 (from 𝑛 =

∫ 𝑞

−𝑞 𝜌 = 1), 𝜇 (from 𝜀(±𝑞) = 0), and the sound velocity
𝑣𝑠 = 𝜀′(𝑞)/(2𝜋𝜌𝑡 (𝑞)). (ii) With 𝑝(𝑘) = 𝑘 +

∫ 𝑞

−𝑞 𝜃(𝑘 − 𝑘′)𝜌(𝑘′)d𝑘′, 𝜃(𝑘) = 2 arctan(𝑘/𝑐), plot
Type I, (𝑝(𝑘) − 𝑝(𝑞), 𝜀(𝑘)) for 𝑘 > 𝑞, and Type II, (𝑝(𝑞) − 𝑝(𝑘),−𝜀(𝑘)) for |𝑘| < 𝑞. Show that
Type II spans 0 ≤ 𝑝 ≤ 2𝜋𝑛, vanishing at both ends, and find its top. (iii) Show that both
branches leave 𝑝 = 0 with slope 𝑣𝑠.

Exercise 6 (solving the Yang–Yang equation). (Computational.) Take 𝑐 = 1 and the 𝜇 of
the 𝑇 = 0 sea with 𝑞 = 1.5. (i) At 𝑇 = 0 give 𝜇, 𝛾, 𝑒 and 𝑣 = 𝜀′(𝑞)/(2𝜋𝜌𝑡 (𝑞)), and show that
𝑃(0) = − 1

2𝜋

∫ 𝑞

−𝑞 𝜀 = 𝜇𝑛 − 𝐸/𝐿. (ii) At 𝑇 = 0.02, solve the Yang–Yang equation at the same 𝜇
and compare 𝑃(𝑇) − 𝑃(0) with the Sommerfeld form 𝜋𝑇2/(6𝑣) of a Luttinger liquid with

1



central charge 1. (iii) At 𝑇 = 0.25 check the thermodynamics: 𝑛 =
∫
𝜌 against 𝜕𝑃/𝜕𝜇, and

Lecture 17’s 𝑠 against 𝜕𝑃/𝜕𝑇.

Exercise 7 ★. Free spins in Takahashi’s equations. Lecture 17’s reading gives, for the Heisen-
berg chain at 𝑇 > 0 in a field ℎ ≥ 0, ln 𝜂𝑛 = −𝛿𝑛1 𝜋𝐽𝑇 𝑠 + 𝑠 ∗ ln[(1 + 𝜂𝑛−1) (1 + 𝜂𝑛+1)], 𝜂0 ≡ 0,
𝑓 = −𝐽 ln 2 − 𝑇

∫
𝑠 ln(1 + 𝜂1), with 𝑠(𝜆) = 1/(2 cosh𝜋𝜆) and the field entering only through

lim𝑛(ln 𝜂𝑛)/𝑛 = ℎ/𝑇. (i) At 𝐽 = 0 and ℎ = 0, look for constant 𝜂𝑛. Show that they must
satisfy 𝜂2𝑛 = (1 + 𝜂𝑛−1) (1 + 𝜂𝑛+1), and that 𝜂𝑛 = 𝑛(𝑛 + 2) does, with 𝑓 = −𝑇 ln 2. (ii) Show
that 1 + 𝜂𝑛 =

(
sinh((𝑛 + 1)𝑥)/sinh 𝑥

)2 also does, for any 𝑥 > 0, with (ln 𝜂𝑛)/𝑛 → 2𝑥 and
𝑓 = −𝑇 ln(2 cosh 𝑥). (iii) Compare with a free spin in 𝐻 = −ℎ∑𝑛 𝑆

𝑧
𝑛, ℎ > 0, and deduce why

the boundary condition is ℎ/𝑇, not the 2ℎ/𝑇 of a book whose field term is −2ℎ∑𝑛 𝑆
𝑧
𝑛. (iv)

Show that, as long as its terms are positive, a solution of the recursion with 𝜂0 = 0 is fixed
by 𝜂1, and that 𝜂𝑛 > 0 for every 𝑛 only if 𝜂1 ≥ 3. Deduce that the positive constant solutions
are exactly those of (i) and (ii).
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