
Integrable Systems — Exercise Sheet 4
One structure: canonical maps and Lagrangian submanifolds
Variant: Questions only

Conventions throughout, as in Lecture 4: 𝜔 =
∑

𝑖 d𝑞𝑖 ∧ d𝑝𝑖 in that order, 𝜄𝑋 𝑓
𝜔 = d 𝑓 , and

{ 𝑓 , 𝑔} = 𝜔(𝑋 𝑓 , 𝑋𝑔). On one degree of freedom, (𝑎 d𝑥 + 𝑏 d𝑦) ∧ (𝑐 d𝑥 +𝑑 d𝑦) = (𝑎𝑑− 𝑏𝑐) d𝑥∧d𝑦,
which is all the wedge algebra most problems need.

Exercise 1 (from form to bracket and back). On the half-plane 𝑈 = {(𝑥, 𝑦) : 𝑥 > 0} let
𝜔 = 𝑥−1 d𝑥 ∧ d𝑦. (i) Show that (𝑈, 𝜔) is a symplectic manifold. (ii) Solve 𝜄𝑋 𝑓

𝜔 = d 𝑓 for 𝑋 𝑓 ,
and find { 𝑓 , 𝑔} and {𝑥, 𝑦}. (iii) Conversely, suppose you are told only that {𝑥, 𝑦} = 𝑥. Recover
𝜔, using the relation 𝐽 = −𝑊−1 of Lecture 4, where 𝐽𝑎𝑏 =

{
𝑧𝑎, 𝑧𝑏

}
and 𝑊𝑎𝑏 = 𝜔(𝜕𝑎, 𝜕𝑏). (iv)

Find Darboux coordinates (𝑞, 𝑝) on 𝑈, and describe the flow of 𝐻 = 𝑦 in both coordinate
systems.

Exercise 2 (Hamiltonian flows are symplectic). (i) Let 𝜈 > 0. Write down the time-𝑡 flow
of 𝐻 = 1

2 (𝑝
2 + 𝜈2𝑞2) and verify directly that it satisfies d𝑞(𝑡) ∧ d𝑝(𝑡) = d𝑞 ∧ d𝑝. (ii) For an

arbitrary smooth 𝐻 on R2, let 𝐷(𝑡) be the Jacobian of the flow at a point, so that ¤𝐷 = 𝐴𝐷,
𝐷(0) = 1, with 𝐴 = Ω𝑆 and 𝑆 the Hessian of 𝐻 along the trajectory (Lecture 4, in the reading
that proves Hamiltonian flows symplectic). Using d

d𝑡 det 𝐷 = tr(𝐴) det 𝐷, show that det 𝐷 = 1
for every 𝑡 at which the flow is defined at that point, and conclude that the flow is symplectic
wherever it is defined. Why can one not say “for all 𝑡 ∈ R”? (iii) Show by example that for
𝑛 = 2 the condition det 𝐷 = 1 is not enough for a linear map of R4 to be symplectic.

Exercise 3 (a generating function). Let 𝜈 > 0 and 𝐹(𝑞, 𝑄) = 𝜈
2 𝑞2 cot𝑄, a type-1 generating

function (the convention of a reading of Lecture 4), with 𝑝 = 𝜕𝐹/𝜕𝑞 and 𝑃 = −𝜕𝐹/𝜕𝑄, defined
for 0 < 𝑄 < 𝜋 and 𝑞 ≠ 0. (i) Find 𝑝 and 𝑃, and solve for (𝑞, 𝑝) as functions of (𝑄, 𝑃). There
are two branches; take the one with 𝑞 > 0. (ii) Verify directly that the transformation
preserves 𝜔. (iii) Express 𝐻 = 1

2 (𝑝
2 +𝜈2𝑞2) in terms of (𝑄, 𝑃) and solve the motion. Compare

with Sheet 3, Exercise 4. (iv) Where does this generating function fail, and why is that not
a defect of the transformation?

Exercise 4 (the Liouville measure on R4). (i) With 𝜔 = d𝑞1 ∧ d𝑝1 + d𝑞2 ∧ d𝑝2, recall
𝜔 ∧ 𝜔 = 2 d𝑞1 ∧ d𝑝1 ∧ d𝑞2 ∧ d𝑝2 (Sheet 2, Exercise 5). Identify 𝜔2/2! with the phase-space
volume element of Sheet 1, Exercise 6, and show that a map 𝐹 with 𝐹∗𝜔 = 𝜔 preserves it.
What does that give for Hamiltonian flows? (ii) For 𝐹𝑖 = 1

2 (𝑞
2
𝑖
+ 𝑝2

𝑖
) and 𝑐1, 𝑐2 > 0, compute

the Liouville volume of {𝐹1 ≤ 𝑐1, 𝐹2 ≤ 𝑐2} in two ways: directly, and in the coordinates of
Sheet 3, Exercise 4 (with 𝜈 = 1) applied in each plane.

Exercise 5 (three candidates). In R4 with coordinates (𝑞1, 𝑞2, 𝑝1, 𝑝2), decide which of the
following are Lagrangian, and for each that is a graph of d𝑆 over 𝑞-space, find 𝑆. (a)
The plane 𝑝1 = 𝑞1 + 𝑞2, 𝑝2 = 𝑞1 − 𝑞2. (b) The plane 𝑝1 = 𝑞2, 𝑝2 = 0. (c) The cylinder
{𝑞21 + 𝑝21 = 1, 𝑞2 = 0}.

Exercise 6 (Darboux where it is elementary). (i) Let 𝜔 = 𝑓 (𝑥, 𝑦) d𝑥 ∧ d𝑦 on R2 with 𝑓 > 0
everywhere. Show that 𝑞 = 𝑥, 𝑝 =

∫ 𝑦

0 𝑓 (𝑥, 𝑠) d𝑠 is a Darboux chart, i.e. a diffeomorphism
onto its image with d𝑞 ∧ d𝑝 = 𝜔. (ii) What changes if 𝑓 < 0 everywhere? What if 𝑓 vanishes

1



on the line 𝑦 = 0? (iii) Explain why no such argument can make the round metric of a
sphere look like d𝑥2 + d𝑦2 near a point, and what that contrast says.

Exercise 7 (cotangent bundles are symplectic). (i) Let 𝑞′ = 𝜙(𝑞) be a change of coordi-
nates on configuration space, with momenta transforming as 𝑝𝑖 =

∑
𝑗 𝑝

′
𝑗
𝜕𝑞′

𝑗
/𝜕𝑞𝑖. Show that∑

𝑗 𝑝
′
𝑗
d𝑞′

𝑗
=
∑

𝑖 𝑝𝑖 d𝑞𝑖, and deduce that −d(𝑝 · d𝑞) is the same symplectic form in both charts.
(ii) Check it in polar coordinates: with 𝑝𝑟 = (𝑥𝑝𝑥 + 𝑦𝑝𝑦)/𝑟 and 𝑝𝜃 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 , show that
d𝑥 ∧ d𝑝𝑥 + d𝑦 ∧ d𝑝𝑦 = d𝑟 ∧ d𝑝𝑟 + d𝜃 ∧ d𝑝𝜃 without computing a single wedge product. (iii)
By contrast, on 𝑇∗R take 𝑞′ = 𝑞3 (on 𝑞 > 0). Compute 𝑞′ d𝑝′ and show that it is not 𝑞d𝑝.
Why is this not a contradiction with d(𝑞d𝑝) = 𝜔?

Exercise 8 ★. On R4 with coordinates (𝑞1, 𝑞2, 𝑝1, 𝑝2) let 𝑎 be a smooth, everywhere positive
function of all four coordinates, and

𝜔𝑎 = 𝑎d𝑞1 ∧ d𝑝1 + d𝑞2 ∧ d𝑝2.

(i) Show that 𝜔𝑎 is non-degenerate, compute d𝜔𝑎, and find exactly which functions 𝑎

make 𝜔𝑎 symplectic. (ii) Compute the four fields 𝑋𝑞1 , 𝑋𝑞2 , 𝑋𝑝1 , 𝑋𝑝2 and the brackets of the
coordinates. (iii) Compute the Jacobi sums for the triples (𝑞1, 𝑝1, 𝑝2) and (𝑞1, 𝑝1, 𝑞2), and
check each against d𝜔𝑎 evaluated on the three fields, as the theorem that Jacobi is d𝜔 = 0
(a reading of Lecture 4) requires. Explain, from the form of d𝜔𝑎, why the Jacobi sums never
involve 𝜕𝑞1𝑎 or 𝜕𝑝1𝑎. (iv) When 𝜔𝑎 is symplectic, find Darboux coordinates.
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