Lecture 16

The thermodynamic limit: densities
and ground states

Objectives. Course map: P4 begins, towards G3. Until now a Bethe state has been a finite
list of roots. Let N — oo at fixed filling and the list becomes a density, the Bethe equations one
linear integral equation for it. Solving that equation is this lecture: by Fourier transform it
gives the Heisenberg antiferromagnet’s ground-state energy —J In 2 exactly, and numerically it
gives the Lieb-Liniger gas its equation of state from weak coupling to the impenetrable limit,
where its energy becomes that of free fermions. Lecture 17 dresses these densities and heats
them.

16.1 The question

Lecture 10 and Lecture 11 solved finite systems exactly, one list of roots per state, and
Lecture 15 found the chain’s equations algebraically. A thermodynamic system has 1023
roots. So the question is

what becomes of the Bethe equations when N — oo, and what are the ground states?

The answer: a linear integral equation for the density of roots (Theorem 16.3), assuming the
roots do fill out a density; for the antiferromagnet it is solved in closed form (Theorem 16.4),
for the gas numerically (Theorem 16.5). The worked example is the antiferromagnet.

16.2 From roots to densities

Lecture 10 wrote the Bethe equations of the Heisenberg chain in logarithmic form (10.18),

2
N61(4;) - Z 62(Aj~Ap) =2xl;,  6n(3)=2arctan—, L €Z+ NoML o (16.1)
l

where the sum may run over all [ because 62(0) = 0. It also introduced, in a tutorial, the
counting function; everything below is built on it, so here it is again:

NE(A;) _
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Built from the roots and then read as a function of a free 4, it passes the value I; where the
jth root sits (Figure 16.1, left); the values it passes where there is no root are the holes.

How many values may I; take? Since 6,(+c) = =+x, the function (16.2) runs from
—(N - M)x/N to +(N — M)z /N, so N{/2x sweeps an interval of length N — M.
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Figure 16.1: Left: the counting function of the N = 8, M = 4 ground state. Its crossings of
the levels I; are the roots. Right: the inverse picture — the fraction of roots
below A, a staircase of step 1/N, at N = 8,16,64. As N grows the staircase

3 . . .
becomes the smooth f_ ., b, and p is the object this lecture computes.

Proposition 16.1 (The vacancy count). For M finite real roots there are exactly

#{vacancies} =N — M (16.3)

allowed values of I: the N — M elements of Z + Y3+ with |1| < ~=¥=1_If moreover the
roots are pairwise distinct and { is strictly increasing, they occupy M distinct ones and
N — 2M are left as holes.

Proof. The allowed values are those strictly inside the range of N{/2x, an interval of length
N — M centred at 0; the lattice Z + N‘TM” meets its interior in N — M points, symmetric about
0 (Lecture 10 checked the endpoints: I = iN‘TM” belongs to a root at infinity). A strictly
increasing ¢ takes each value at most once, so pairwise distinct roots carry M distinct values
of I; subtracting them leaves N — M — M. [

Remark 16.2 (Monotonicity is a hypothesis, not a theorem). Distinct roots need not carry
distinct quantum numbers: at N = 22 two real roots of a genuine eigenstate share I = %,
with ¢’ < 0 between them (the tutorial). So the second sentence of Proposition 16.1 is a
hypothesis about the branch one is on — the branch this lecture uses, where ¢’ > 0. Lecture 10
was careful for the same reason.

Three consequences are worth naming at once, because Lecture 17’s excitations rest
on them. On that branch, M = N/2 leaves no holes at all: the roots fill every vacancy.
M = N/2 -1 leaves two. And N — 2M is even for every M when N is even, so on an even
ring holes are created in pairs; a single hole needs odd N.

The limit

Now let N — oo with M/N fixed and suppose the roots and the holes fill out densities: the
number of roots in [A, A +dA] is Np(A)dA, the number of holes Np,(1)dA. Then % 21 02(A -
A) — f 02(A — p)p(p)du, and N¢/2x increases by one across every vacancy, so {’/2x is the
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density of vacancies — roots and holes together. Differentiating (16.2) gives the lecture’s
equation.

1 2
Theorem 16.3 (The root-density equation). Write a,(1) = 6,(1)/2m = — n/ . Under

T A% +n2/4
the assumption above,

() + pr(A) = ar (1) - /R as (A 1)) di. (16.4)

- proved from the assumption; for the assumption as the sources make it see Takahashi
§§3.3-3.4 and Korepin—Bogoliubov—Izergin §§1.2—1.3
The assumption is an interchange of limits, and it is not proved here: say so aloud. What
is assumed is that the chosen solutions of (16.1) converge, that their empirical measure
has a density, and that the convergence is good enough to pass inside the integral. It is the
subject’s standard working hypothesis, tested numerically rather than proved; Figure 16.2
is one such test.

One equation, two models — and a sign

Lecture 11 wrote the Lieb-Liniger equations in the same shape (11.11), k;L+; 0(k; —k;) =
2m1; with (k) = 2 arctan(k/c). Both models are therefore instances of

Py 1 ,
Lpo(ij)+z @(Aj—A1) = 2nlj, p+pn = ﬁ+£ / K(A-p) p(p) dp, K=¢', (16.5)
1

with L the number of sites N or the length of the box. The dictionary between them is

-2
XXX: pbo = 61: P = _92; K(A) =T
1+A2
9 (16.6)
C
LL: =k, =40, K(k)=———.
Po ® (k) 72

The two kernels have opposite signs, and every formula below inherits it: Lecture 10
measures a magnon by 6; = m — k, which runs backwards against its momentum, and
Lecture 11 a particle by k.

16.3 The Heisenberg antiferromagnet

Take J > 0in H =J >(S;-Spi1 — %) and N even. A Bethe state has E = - }; 2J/(4)LJ? +1) —
(10.16), and equally what id In Ay gave in Lecture 15 (Proposition 15.10). Every term is
negative, which suggests, without proving it (adding a root moves all the others), that the
ground state carries as many finite real roots as it can. The largest M is N/2 (Lecture 10:
the Bethe states are highest weight), and by Proposition 16.1 that sector has exactly N/2
vacancies. The antiferromagnetic ground state fills all of them: it is the state with M = N/2
and no holes, a total singlet - cited for the identification with the lowest level: Hulthén (1938);
Takahashi §3.3; checked here by comparing the filled sea with exact diagonalisation at N = 8,
and by diagonalising the S* = 0 sector at N = 8,12, 16 and checking its lowest level against
S* = 1. For odd N the lowest level is made of spin-% multiplets — two of them for N = 3,...,9
(Lecture 10), so that already at N = 3 the lowest level is four-fold degenerate — and the
thermodynamic limit is therefore taken along even N.
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No holes means p;, = 0 on the whole line, and (16.4) becomes a convolution equation on
R:

(1) + /R a2 (2 — ) p(p) du = ay (). (16.7)

A convolution on the line is a product after a Fourier transform, and the transform of a, is
as simple as can be.

Theorem 16.4 (The ground-state density and energy). With f(w) = [ f(1)ei**dA one has
dn(w) = e~ %2 and (16.7) has exactly one solution in L'(R),
(@) = - g (16.8)
AR =5 cosh(w/2)’ P = S coshan” '
Its energy per site is
E 2J
=—=- A)dA =—-JIn2. 16.
0= /RWHP() n (16.9)

Proof. The function a, is a Cauchy density of half-width n/2, whose transform is e /2 (a
residue at A = +in/2, according to the sign of w). Transforming (16.7), p (1+e71@l) = g=lwl/2]
50 p = 1/(el/% + ¢71*1/2), which is (16.8); inverting, z- [ cos‘i;(l:A/Z)dw = g t— . If two L!
solutions differed, the difference would have a continuous transform killed by 1 + ¢!l > 0,

hence zero. For the energy, note that 2J/(4A% + 1) = zJ a1 (1), so by Parseval

aJ e~ lwl/2 J [ 2e7¢
- —nJ =X [ £ " qu=-Z dw = —JIn2.
=7 /a“’ 271,/RZcosh(w/2) @ 2/0 Trew @ n -

Two checks: f p=p0) = % = M/N, so the density knows the filling; and a finite chain’s
roots really do distribute themselves like (16.8) (Figure 16.2), its energies converging to
—JIn 2 along a straight line in 1/N? (Figure 16.3) whose slope the reading explains.

the same, logarithmically
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Figure 16.2: N = 100, M = 50: the 50 Bethe roots of the ground state, solved from (16.1)
by Newton’s method, as a histogram (left) and through their local spacing,
2/[N(Aj+1 — Aj-1)], on a logarithmic axis (right), against 1/(2 coshzA). The
interior agreement is better than 2% at N = 100.

The sea of (16.8) occupies the whole rapidity line, and that is not a paradox: k = 1—01(1)
carries R onto the compact (0, 2:7), so an infinite sea of rapidities is a bounded set of momenta.
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Figure 16.3: Ground-state energy per site from exact diagonalisation, N = 8, 10, ..., 20,

against 1/N?2. The straight line through the largest four extrapolates to —In 2
within 2 x 107> (square); its slope is —0.8368, within 2% of the asymptotic
-m2/12 = -0.8225 that the reading on finite size explains. The gap is the
higher finite-size corrections, still visible at N = 20.

Rapidity is the variable in which the equations are linear; momentum is the variable the
experiment measures. The massless XXZ chain, |A| < 1, has the same structure with x
replaced by an n-dependent scale - cited: Takahashi ch. 4; Franchini §4.4.

16.4 The Lieb—-Liniger gas

For the gas of Definition 11.2, H = — 6]2 +2c 3, ;8 with ¢ > 0 on a ring of length L, one

thing changes: the energy E = ), k]z is a sum of positive terms, so the ground state should

be the one whose quantum numbers sit as close to zero as they can: the consecutive block
Ij= —NT‘l, eee, NT‘I of Lecture 11, which is the ground state at every ¢ > 0 - cited: Yang—Yang
(1969). Their roots are real and ordered (Proposition 11.4, Proposition 11.5) and fill an
interval [—q, q]: a Fermi sea of rapidities, with no holes inside and no roots outside. So

(16.5) becomes an equation on a finite interval.

Theorem 16.5 (Lieb’s equation). In the ground state the rapidity density satisfies
2c dIns
k— — K(k-K') p(k')dK’, K(k) = = —i 16.1
P = 52+ 5z [ K=K 0(0) (0= s ==, (1610)
with q fixed by the density, and then
q E q E
n= / pdk, == / Rodk, y=3S, 2 =n2ey). (16.11)
- IL —q n N
The dimensionless e depends on ¢ and q only through y.

Proof. All but the last sentence is (16.5) with pj = 1, p, = 0 on [-q,q] and 0’ = K =
—idInsS /dk (Proposition 11.1). For the last, substitute k = gx, g(x) = p(gx): with a = ¢/q,
g(x) = &= + o f = y)zng(y)dy, which involves « alone. Thenn =q [gandy =c/n =

al f g, and E/Ln® f x%g/( f g)3: both are functions of « alone, so the pair (y, e) traces one
curve as a runs over (0, o), and that curve is a graph because y is strictly monotone: at fixed



16 The thermodynamic limit: densities and ground states

¢ the Neumann series for (16.10) has a positive source and a positive kernel and converges,
so enlarging [—q, q] raises p pointwise and adds interval; n(q) is strictly increasing, y = c/n
strictly decreasing in g, hence strictly increasing in o = ¢/q. =

Equation (16.10) has no closed-form solution, and this is where the subject turns numeri-
cal: a quadrature rule on [—gq, q] turns a Fredholm equation of the second kind into an n x n
linear system. How large n must be is set by the one parameter of the proof above. The
kernel has width ¢ and the interval width g, so the rule resolves it easily while a = ¢/q is of
order one — twenty points give machine precision at y ~ 1 — and must be refined as « — 0,
where the kernel becomes a spike. The tutorial shows how far a fixed rule can go wrong.
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Figure 16.4: The Fermi sea of rapidities at three couplings, all at density n = 1. At weak
coupling the sea is narrow and p is peaked; as y grows the sea widens towards
q = nn and p flattens onto the free-fermion value 1/2s.

The two limits

Proposition 16.6 (Impenetrable bosons are free fermions). As y — oo, p — 1/2x on
[-q,q] with q = nn, and

2 E 2.2
e(y) — 3 ie. - —

(16.12)

2
w

This is the ground-state energy per particle of free spinless fermions with (k) = k? at the
same density.

Proof. In the scaled equation of Theorem 16.5 the kernel integrates to at most 2/7a over
y € [-1,1], and @ = ¢/q — 0, so g — 1/2x uniformly. Then n — q/x and E/L — ¢°/3m,
whence e = (E/L)/n® — 72/3. For the free fermions the momenta are the N allowed values
nearest 0, spaced 2x /L, filling [—xn, 7n] at density 1/2x: the same integral. [

At the other end g — 0, the sea shrinks and the expansion is harder; Bogoliubov’s answer
ise=y— 5y32+0(y?) - sketched: mean field, then the zero-point energy of the Bogoliubov
modes; cited for the coefficients, against e = %2(1 — 4/y +0(y~?)) at the other. Figure 16.5
shows both, and shows that neither survives y ~ 1; the reading carries the next orders.
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Figure 16.5: The equation of state e(y) from (16.10), with the weak- and strong-coupling
series drawn past the range in which they are accurate so that they can be
seen leaving the curve. There is no crossover scale: y ~ 1 is the whole of it.

16.5 What it buys

* Ground states in the thermodynamic limit: the antiferromagnet’s ey = —J In 2 in closed
form (Theorem 16.4), and the gas’s equation of state e(y) at every coupling (Theo-
rem 16.5).

* One equation for both models, (16.5), with the kernel the derivative of the two-body
phase: what Lecture 17 dresses and takes to finite temperature.

* At infinite repulsion the gas’s ground state has the energy of free fermions (Proposi-
tion 16.6); Lecture 18 returns to free fermions.

16.6 Caveats, in one place

* Status. Theorem 16.3 is proved from an assumption: that the chosen solutions converge
and their roots fill out a density. It is the subject’s standard working hypothesis, tested
numerically, not proved. Theorems 16.4 and 16.5 and Proposition 16.6 are proved
given it. That the antiferromagnet’s lowest level is the filled sea, and the gas’s the
consecutive block, is cited; the first is also checked against exact diagonalisation (at
N = 8 against the filled sea, and at N = 8, 12, 16 by comparing the lowest levels of the
S* = 0 and S* = 1 sectors).

* Monotonicity is a hypothesis (Remark 16.2): distinct roots need not carry distinct
quantum numbers, and the vacancy count’s second sentence assumes the branch on
which they do.

* The two ends of e(y) are asymptotic series; neither survives y ~ 1, where only the
integral equation does.
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Reading

16.7 The two ends of ¢(y), and the central charge

The asymptotics of § 16.4 continue

2
e(y) =y - %YB/Z + (% - %)Vz +0(y°?), ()= %(1 - ; + 1—3 +o(7), (16.13)
- cited for the coefficients and the check script confirms each where Figure 16.5 draws it,
the strong-coupling residual matching the known third coefficient in size and sign. It also
pins the curve at an independently published point: by Hellmann-Feynman the kinetic and
interaction energies are equal at y = 4.3485(1), where ¢/2 = 0.82668(1) — and the solver
used here gives 4.3486 and 0.82668.

Figure 16.3 was a straight line in 1/N?, and its slope is not an accident. A one-dimensional
critical system in a box of N sites has

Eo(N) = Neg — <2 4 o(N7Y), (16.14)
6N
with v the sound velocity and ¢ the central charge of the conformal field theory that
describes its long distances - cited: Bléte—Cardy—Nightingale and Affleck (1986). For the
Heisenberg antiferromagnet the spinon dispersion & = & sin p of Lecture 17’s reading gives
de/dp = (nJ/2) cos p, so the speed of sound — its value as p — 0 —isv = wJ/2, and (16.14)
predicts Eo(N)/N = —JIn2 — 72J/(12N?) if ¢ = 1. That is the slope in Figure 16.3. Reading
it backwards, the numbers —(Ey — Neg) 6N /x fall from 1.596 at N = 12 to 1.583 at N = 20
by exact diagonalisation and reach 1.5721 at N = 400 by the Bethe equations, against
wJ/2 = 1.5708: the central charge of the spin-% chain is 1, measured from its ground-state
energies alone. The Lieb-Liniger gas gives ¢ = 1 the same way - cited.
This is the cheapest known route to a central charge, and it is why the finite-size Bethe
equations — solvable to machine precision at N = 400 — are a standard instrument rather
than a curiosity.

Tutorial

16.8 Solving Lieb’s equation

Theorem 16.5 is a Fredholm equation of the second kind, and the Nystrom method turns
it into linear algebra. Choose an n-point Gauss-Legendre rule on [-1, 1], scale it to [—q, q]
as k; = qx;, w; — qu;, and impose (16.10) at the nodes:
wi 1 E
(85— oKki=kp)oj =5, n~ w7~y wikip (16.15)
i i
The kernel is analytic in the separation, so for a fixed a = ¢/q the rule converges faster
than any power of n: at y ~ 1, n = 20 already gives machine precision. But the constant in
front of that statement is a, and the rule resolves a spike of width a only when n is large
compared with 1/a. Measured against an n = 1600 reference:
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q/c y n=10 n=40 n=200
0.1 29 2.10°8 2.10713 2.10°13
1.3 1.2 6-1077 3.10718 3.10°13
20 9.1073 7 - 102 0.7 6-1078

200 10~ 6-10° 2.10° 5.103

At the last row the computed density is not merely inaccurate: it goes negative, which the
true one cannot (the Neumann series has a positive source and a positive kernel). Always
run n against 2n. A rule that is exact to machine precision in one regime can be useless two
decades away, and nothing in the output says so.

One more subtlety: the nodes never reach +q, so any quantity wanted at the edge — the
chemical potential of Lecture 17, or the sound velocity — must be evaluated by putting k = q
back into the integral equation rather than by extrapolating the nodes. Interpolating with
the linear rule that comes to hand put g wrong in the fourth decimal, where the integral
equation gives it beyond the sixth; a high-order interpolant through all the nodes loses
nothing. The lesson is not that interpolation is bad but that the edge value is free — the
equation already evaluates there.

The pair that shares a quantum number. Remark 16.2’s counterexample is worth meeting.
AtN =22 M=2,

A1 =2.228461914574 .. ., Ay =2.372786474870. .., L=Ih= 12—9, (16.16)

solve (16.1) to forty digits, and Lecture 10’s two-magnon wavefunction built on them is a gen-
uine eigenvector: |¥||? = 5.7312 and |[H¥ — E¥|| /||¥|| = 1071* at E = —0.1808904556 J.
Between the two roots ¢’ = —4.6 x 10~*. Such pairs first appear at N ~ 21.9, which is why
nothing at the N < 20 of Figure 16.3 could have found one: when a claim quantifies over
all N, test the smallest N at which its failure mode is known to appear, not the largest N the
machine allows.

To get e(y) one does not solve for q at fixed y: by the scaling in the proof of Theorem 16.5
it is easier to set ¢ = 1, sweep q, and read off the pair (y,e) = (1/n, (E/L)/n>). The curve of
Figure 16.5 is 260 such solves and takes about a second.

The same solve answers a question that looks harder. By Hellmann—-Feynman the interac-
tion energy is (2c Y. 8) = c 9E/ac at fixed N, L, so per particle it is n?ye’(y) and the kinetic
energy is n%(e — ye’). They are equal when e = 2ye’, i.e. when the slope of Ine against Iny is
%; the same solves, with the slope taken by a centred difference and set to % by bisection
in g, put that at y = 4.3486 with ¢/2 = 0.82668, against the published y = 4.3485(1) and
0.82668(1) - cited: Caux, The Bethe Ansatz (integrability.org), the Lieb—Liniger ground state.
A benchmark with two independent digits is worth more than a plausible-looking curve: this
one is what fixed which power of n the normalisation (16.11) carries.

Summary.

* Densities (Theorem 16.3): with roots and holes filling out densities, p + py = a1 —az = p
for the chain; both models are one equation (16.5), with kernels of opposite sign.

* The antiferromagnet (Theorem 16.4): no holes, p = 1/(2 cosh xA) by Fourier transform,
and eg = —JIn 2.

* The gas (Theorem 16.5): a Fermi sea of rapidities on [—q, q], Lieb’s equation, and e(y),
which tends to the free-fermion 72/3 as y — co (Proposition 16.6).

* Next: Lecture 17 dresses the densities, finds the excitations, and heats the gas.
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