Lecture 4

One structure: canonical maps and
Lagrangian submanifolds

Objectives. Course map: G1, step 4 of 9. Lecture 2’s bracket and Lecture 3’s symplectic form
are one structure: ix,w = df recovers the Hamiltonian vector field, and w(Xy,Xg) = {f, g}-
Three things the next two lectures need then follow. Canonical transformations are the maps
that preserve w, and generating functions produce them. Lagrangian submanifolds, on which
w vanishes, have dimension at most n, which is why Lecture 5 asks for n commuting integrals
and finds Lagrangian tori. And on any cotangent bundle p - dq needs no coordinates, which is
what the action integral of Lecture 6 is made of.

4.1 The question

Lecture 2 defined the Hamiltonian vector field from the Poisson bracket, and Lecture 3
defined the symplectic form. The Liouville-Arnold theorem of Lecture 5 needs both at once:
it is about the flows of n functions in involution, and about the shape of the level set they
share. So the question is

what single structure do the bracket and the forms describe — and which submanifolds does it
single out?

The structure is w itself (§ 4.2). The maps that preserve it are the canonical transforma-
tions (§ 4.3), and the submanifolds it singles out are the Lagrangian ones (§ 4.4). The
worked example is the two-dimensional oscillator, whose level sets are Lagrangian tori
(Example 4.15).

4.2 x,w = df: one structure, two languages

Lecture 2 defined X; from the bracket, by X¢h = {h, f} (Definition 2.4). On a symplectic
manifold there is a second route, which uses no bracket at all.

Definition 4.1 (Hamiltonian vector field, from w). On a symplectic manifold (M, w), the
Hamiltonian vector field of a smooth function f is the unique vector field X with

Ix,0 = df. “4.1)

It exists and is unique at each point by (3.10), and it is smooth because w and f are.
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af

Proposition 4.2 (The two definitions agree). In the coordinates of (3.11), Xy = }; (a—piaqi -
g—iapi), which is Lecture 2’s X; exactly. Consequently
(A)(Xf, Xg) = {f7 g} . (4'2)

Proof. The first statement is the sign test (3.13), run once for each pair (q;, p;) with f in
place of H; the pairs do not interact, because w does not. For the second,

w (X, Xe) = (x,w)(Xg) = df (X) =X f = {f, 8},
using in turn Definition 3.14, (4.1), (2.9), and Lecture 2’s definition X, f = {f, g} (2.5). =

On Lecture 2’s worked example, f = ¢%/2 and g = p?/2 with X; = —qd, and X, = p,
(2.6),

w(Xy, Xg) = dq(Xr) dp(X,) — dq(Xy) dp(X;) =0-0-p-(-q) =qp = {f,g}.

Example 4.3 (Angular momentum generates rotations). Solve (4.1) a second time, for £ =
q1p2 — g2p1 on R4, The two sides are

xw = Z (x%dp; — xPidg;), d¢ = podq1 — p1dqa — g2 dp1 + q1 dpa,
i

and matching coefficients gives

Xp=—q29q, +q19q, — P29p, +P19p, :

a rotation of (q1,q2) and, at the same rate, of (p1, p2). This is the flow that Lecture 2’s
one-line Noether theorem was about: ¢ is conserved exactly when H is invariant under it.

Any symplectic form gives a bracket
Turn (4.2) round and make it a definition: on any symplectic manifold, put

{fng} = w(Xf’Xg) = df(Xg) (43)

It is bilinear and antisymmetric, and satisfies Leibniz because d(fg) = f dg + gdf. What is
left is Jacobi, and this is where closedness enters.

The Jacobi sum turns out to be dw (X, X,, X;,), a computation done in the reading below.
So the bracket (4.3) satisfies the Jacobi identity exactly when dw = 0: that is what closedness
in Definition 3.15 is for. With Jacobi in hand, the second proof of the engine in Lecture 2
runs unchanged, so Theorem 2.5 and Corollary 2.6 hold on every symplectic manifold.

Reading
Jacobi is dw = 0, proved.

Theorem 4.4 (Jacobi is dw = 0). Let w be a non-degenerate 2-form, with X; and {f, g}
defined by (4.1) and (4.3). Then for all f, g, h,

{f, {g, it} +{g, {h, f}} + {h,{f,g}} = dw (X, X, Xp). (4.4)

Hence the bracket satisfies the Jacobi identity if and only if dw = 0.

The proof is Lecture 2’s computation of the Jacobi identity with non-constant coefficients:
the terms in which a derivative lands on a coefficient no longer vanish, and they assemble
into exactly dw.
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Proof. Work in any chart 2!, ..., 2%, and write wg, = @ (34, d5) and W = (wgp), an antisym-
metric matrix, invertible by non-degeneracy. Set J = —-W~!, also antisymmetric.

Step 1: the bracket in coordinates. Condition (4.1) reads 2aXgWab = g for each b, whose
solution is X = 3, J%ag. So

{f9g}=df(xg) :Zaafjababg’ Jab: {zajzb}.
a,b

This is Lecture 2’s formula (2.3) — except that J is now allowed to vary from point to point.

Step 2: what survives in the Jacobi sum. Expand the cyclic sum. The terms carrying a
second derivative of one of f, g, h cancel exactly as in the proof of Proposition 2.2: that
argument used only that J is antisymmetric at each point, never that it is constant. What is
new are the terms in which a derivative lands on J. Collecting them, with repeated indices
summed,

{f,{g, h}} + cyclic = 3, f 3.g dgh S*, secd = jaby, ged 4 gbg, gda 4 gdbg, joc.

Step 3: trade 3J for dw. Differentiate JW = —1: (3J)W+J 9W = 0,50 95 = —J (W)W 1 =
J(3,W)J. Substituting into each of the three terms of S and relabelling dummy indices so
that every term carries the same three factors of J,

S8 = — g 7T (8w + dew b + 3 fWhe)-

Step 4: recognise dw. By Definition 3.1, the coefficient of dz® A dz¢ A dzf in dw collects
exactly the three terms in the bracket, so it is the component (dw)s.s. And since XJZZ =
JP9,f = —J%a,f, each of the three factors af J in 8, f 9.g dgh S°? is minus a component of a

Hamiltonian vector field. Three minus signs and the one in front of S make a plus:
daf 9cg dgh $™ = (dw)befongeX;{ =dw(Xy, X,, Xp),

the last step being the determinant formula (2.15) for a 3-form evaluated on three vectors.
That is (4.4).

If dw = O the right-hand side vanishes, and Jacobi holds. Conversely, if Jacobi holds for
all f, g, h, take them among the coordinate functions: the fields X,« = J e, are the columns
of the invertible matrix J, so they span every tangent space, and a 3-form that vanishes on
every triple from a basis is zero. m

Example 4.5 (A non-degenerate form that is not closed). On R* take w’ = (1 + q%) dq1 Adp1 +
dga A dpo. It is non-degenerate everywhere, and not closed: dw” = 2g2 dga A dq1 A dp;. Its
bracket looks perfectly reasonable — {q1, p1} = 1/(1+ q%), {q2, p2} = 1, the rest zero — and
it is not a Poisson bracket:

2
L + 0
(1+q3)?

Lecture 2 proved the engine X{s,} = — Xy, X;| from the Jacobi identity alone (Theo-
rem 2.5, second proof, a reading). So the engine runs on any closed non-degenerate 2-form,
and on nothing less: that is the sense in which Lecture 2’s bracket and its forms are one
structure.

{q1,{p1, P2}} +{pP1, {P2,91}} + {p2, {q1, P1}} =

4.3 Canonical transformations and generating functions
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Definition 4.6 (Symplectomorphism). A diffeomorphism F: (M,w) — (M’,w’) is a
symplectomorphism if F*w’ = w.

In canonical coordinates, with F written as (Q, P) = F(q, p), the condition is

Z dQ; Adp; = Z dqi A dpi, (4.5)

where on the left Q and P are regarded as functions of (q, p) and substituted — pullback
is substitution (§ 3.4). It is a condition you already know under another name, since the
matrix of the pulled-back form is DTQD, with D the Jacobian of F.

Proposition 4.7 (Symplectomorphisms are the canonical transformations). (Q, P) = F(q, p)
satisfies (4.5) if and only if the new coordinates have canonical brackets, {Qi, Pj} = §;; and

{Qu @} = {Pupj} =0.

Proof (»). By (3.12) the pulled-back form has matrix DTQD, so (4.5) says DT QD = Q. On
the other hand, by the chain rule and {z%, 2°} = Q%, the brackets of the new coordinates
form the matrix DQD', and canonical brackets say DQD' = Q. The two conditions are
equivalent: either one forces det D = +1, and inverting D' QD = Q gives D!Q~ DT = 01,
which with Q! = —Q is DQDT = Q; the converse is the same computation backwards. =

For one degree of freedom dQ A dP = (det D) dq A dp, so a canonical transformation of
the plane is exactly an area- and orientation-preserving map. To check the shear (g, p) —
(q + p%, p), pull back: d(qg+ p?) Adp = dgAadp +2pdp Adp = dg A dp. The stretch
(g, p) — (2q, p) fails, with {2q, p} = 2. For n > 2 the condition is much stronger than
preserving volume (a reading at the end of this lecture).

Reading

Proposition 4.8 (Hamiltonian flows are symplectic - proved on R*"; modulo Darboux in
general). For every t and every point at which the flow @, of Xy is defined, @;w = w.

Proof. First on R?" with the standard form. By Proposition 4.2, Xy = Q VH in the (g, p)
ordering. The Jacobian D(t) of ¢, at a point therefore obeys the linearised equation D =
A(t)D, D(0) =1, with A = QS and S the (symmetric) Hessian of H along the trajectory. Then

d
a(DTQD) =Dp"(ATa+QA)D=D"(sQ"Q+Q%*)D=D"(S-5)D=0,
because Q'Q = 1 and Q2 = —1. So D'QD = Q for all ¢, which is the claim on R?"; the
reduction of a general symplectic manifold to this case is in the reading. [

On a general symplectic manifold the trajectory may leave any one chart, but @..s = @50 @,
gives
d £ * d £
dac Pw =@ (aL:O(Psw)’
and the bracket is a rate of change at a single point, which may be computed in a Darboux
chart there (Theorem 4.18): it is the computation above at t = 0, where D = 1, and it
vanishes.

With canonical brackets, Leibniz and the chain rule give Q; = {Q;, H} = dH/dP; and
P; = —9H/3Q;: Hamilton’s equations keep their form.
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exact area 7 - 0.45% = 0.6362; relative drift 1.3 x 107 % att = 16

t=0
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area 0.6362
_2 -
T 1
-7 0 T
q

Figure 4.1: A symplectomorphism distorting a region and preserving its area: a disc of
librating pendulum states carried by the flow for times 0, 4, 16. Outer orbits
are slower (Lecture 6); that Hamiltonian flows are symplectic is proved in the
reading above, so the disc shears into a filament. The areas are computed from
the transported boundaries; grey is the separatrix.

Generating functions

A transformation given as a formula is easy to check. The problem in practice runs the other
way: to produce canonical transformations adapted to a given H. Generating functions do
this, and the form language says in one line why they work.

Proposition 4.9 (Why generating functions work). Let S(q, P) be a function of n old positions
and n new momenta, and define (q, p) — (Q, P) implicitly by

oS oS
=—, Qi = (4.6)
aq;

Pi = a_Pi’

wherever (q, P) are good coordinates. Then (4.5) holds.

Proof. In the coordinates (q, P), (4.6) says exactly that
ZPi dg; +ZQ1‘ dp; = ds.

Apply d. The right-hand side gives ddS = O (Theorem 3.2); the left gives } dp; A dq; +
Zin/\dPi. So Zin/\dPiI—dei/\dququi/\dpi. |

That is the mechanism in full: a generating function is a primitive for a combination of
canonical 1-forms, and d o d = 0 turns “exact” into “canonical”. For example S = }}; q;P; + f(q)
gives Q = g and P = p — Vf: shifting every momentum by a gradient is canonical. The
function }}; q;P; alone gives the identity.
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Reading
The other classical types work identically. A type-1 function S(q, Q) with p = 3S/dq and
P = -35/8Q says p - dq — P - dQ = dS; for instance S = qQ gives (Q,P) = (p, —q), which
exchanges position and momentum up to a sign. Type 1 cannot generate the identity, whose
q and Q are not independent, which is one reason type 2 is the workhorse and the type
Lecture 6 uses.

Hamilton—Jacobi, recalled in this language

Hamilton—Jacobi looks for a type-2 generating function adapted to H: an S(q, P) with
as
H(g, 5) = K(P) 4.7)

for some function K of the new momenta alone. The new equations are then P; = —9K/dQ; = 0
and Q; = 9K/P;, a constant: conserved momenta, and positions advancing at constant
speed. Lecture 6 does this with P = I the actions and Q = ¢ the angles. With P held fixed,
(4.7) also says that the n-dimensional set {(q, 3S/dq)} lies inside a level set of H — § 4.4
returns to this.

4.4 Lagrangian submanifolds

How large can a subspace be on which w vanishes?

Let dimV = 2n with w non-degenerate. The w-complement of a subspace U is U® = {v :
w(v,u) =0 for all u € U}; by (3.10) it is the preimage of the covectors vanishing on U, so

dimU?® = 2n —dimU. (4.8)

Unlike an orthogonal complement, U can contain U, since every vector is w-orthogonal to
itself. Call U isotropic if w vanishes on it, i.e. U C U%; then (4.8) gives dimU < 2n — dimU:
an isotropic subspace has dimension at most n.

Definition 4.10 (Lagrangian subspace, Lagrangian submanifold). A Lagrangian subspace is
an isotropic subspace of the maximal dimension n. A submanifold L c M is Lagrangian
if it has dimension n and w(v,w) = 0 for all v, w tangent to L — equivalently, if the
pullback of w to L vanishes, written w|; = 0.

This bound is why Lecture 5 asks for exactly n integrals.

Proposition 4.11 (At most n commuting integrals). If F1, ..., Fx satisfy {F;,F;} = 0 and
dF1,...,dFy are linearly independent at a point, then k < n.

Proof. At that point the vectors Xy, are linearly independent, since i, w = dF; and v - ,w
is an isomorphism. They span an isotropic subspace, since w(X,, Xr;) = {Fl-, Fj} =0 by (4.2).
So k <n. (]

Seeing it in R*

In R* w(v,w) = A1 +A,, the signed areas of the two shadows of the parallelogram on v, w. A
plane is Lagrangian when the two shadow areas of a basis parallelogram cancel (Figure 4.2).
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P1 D2

a b
es e] p=5q,S= (b C)
e1
() w(ey,es) = A1 +Ax =0:
! e [ 9> Lagrangian
Ay =+b Ay =-b grang
p1 p2
€2 P1=q2, P2 = —q1
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Figure 4.2: Two planes in R4, each drawn through the shadows of a basis in the two
symplectic planes; coordinates are ordered (q1, g2, p1, p2). Top: e1 = (1,0, a,b),
ez = (0, 1, b, ¢) span the graph of a symmetric matrix (drawn witha = 0.5, b = 0.8,
¢ = 0.3); the shadow areas are +b and —b and cancel. Bottom: e; = (1,0,0,-1),
eo = (0,1,1,0) span the graph of an antisymmetric one; both shadows run
anticlockwise and the areas add. w only ever looks at these two shadows.

Examples

Example 4.12 (Curves in the plane). For n = 1 every curve is Lagrangian: it has dimension
1 =n, and a 2-form vanishes on parallel vectors. The notion has content from n = 2 on.

Example 4.13 (Positions and momenta). In R?" the g-space {p = 0} and each p-space
{q = const} are Lagrangian, since w pairs a g-direction only with a p-direction. The (q1, p1)-
plane is not: w restricts to dq; A dp; on it.

The most important examples are graphs, and they bring back Lecture 3.

Proposition 4.14 (Lagrangian graphs are closed 1-forms). Let o = }; 0i(q) dg; be a 1-form
on an open set of g-space, and L, = {(q, p) : pi = 0i(q)} its graph. Then w|,, = —do. Hence
L, is Lagrangian if and only if o is closed. In particular the graph of dS,

_as

- a_qu (4-9)

bi

is Lagrangian for every function S.

Proof. Parametrise L, by q. Pulling back is substituting p; = 0;(q):

90; a0;
wlL, = E dg; Ado; = E a%dindqj:— E al_dqj/\dqi:—do,
i J J

L, i,j
by (2.13) and (3.1). For o = dS this vanishes by Theorem 3.2. m

S is called a generating function of the Lagrangian submanifold, and the name is not a
coincidence: by (4.7), a solution of Hamilton—Jacobi is a family of Lagrangian graphs, one
for each value of P, each lying in a level set of H. Lecture 6’s S(g, I) is exactly that, with the
invariant tori as the family.
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Reading
By the Poincaré lemma a closed o is locally some dS; globally it need not be. On the
pendulum’s cylinder, with angle g, a rotation orbit at energy E > 1 is the graph p =
v2(E + cos q) of the 1-form o = 4/2(E + cos q) dg — closed, as every 1-form on a circle is, and
Lagrangian. It is not dS for any function S on the circle, for the reason of Proposition 3.6:
f o > 0. Lecture 6 calls % 55 o the rotating pendulum’s action. A nongero action is precisely
the obstruction to a global generating function, and Lecture 6 lives in that gap.

p p
p=95/dq p = +3S,/dq

! \/q \ N

" turning point

\ p =—3S./dq
a graph over ¢: one p for each q not a graph: two branches

Figure 4.3: Left: the graph of dS, Lagrangian for every S (Proposition 4.14). Right: an
oscillator orbit, Lagrangian by Example 4.12 but not a graph — two points over
each ¢, and a vertical tangent at the turning points. Each branch is a graph,
generated by +S,; the turning points are where Lecture 6’s S(q,I) changes
branch.

Example 4.15 (A Lagrangian torus in R%). Take the two-dimensional oscillator’s integrals
F; = 3(q? + p?) and, for c1, ¢ > 0, the level set

T={F1=c1, Fa=ca} = {5 + p} = 2c1} X {¢5 + p3 = 22},

a circle in each symplectic plane: a torus (Figure 4.4). Its tangent spaces are spanned by
Xp, = P19q, —q10p, and Xg, = p2dq, — q29),, €ach tangent to its own circle and nonzero there,
and w(Xp,,Xr,) = {F1,F2} = 0. So T is Lagrangian: each tangent parallelogram has one
edge in each symplectic plane, so both its shadows are degenerate.

b1 p2

AT

T, a Lagrangian torus

q%+p%=2c1 q%+p§=2cz

Figure 4.4: A level set of the 2D oscillator: a product of two circles, one in each symplectic
plane, with Xr,, Xr, tangent and w-orthogonal. So it is Lagrangian. Lecture 5
proves that this is no accident: each compact connected component of a regular
level set of n independent commuting integrals is a Lagrangian torus.

Example 4.15 is Lecture 5’s first proof step, done by hand; the general argument is
Proposition 4.11’s, with equality. Like the circle of Figure 4.3, T is not a graph over (q1, q2)-
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4.5 Cotangent bundles and the canonical 1-form

Positions and their momenta

Let Q be a configuration space, a manifold of dimension n — the circle for the pendulum,
the torus T2 for the double pendulum. Its cotangent bundle is the set of pairs

T"Q={(q,p): q€Q, peT;Q}, =n(q,p) =g,

a point of configuration space and a covector there. A chart qs,...,q, on Q writes the
covector as p = ) ; p;dg; (Definition 2.7), and (g, p) is then a chart on the 2n-dimensional
T*Q. That momenta are covectors shows in a change of chart ¢’ = ¢(q): writing the same
covector in both bases, 3 p;. dq;. = Y; pi dg;, forces

aq’,
’ J
= L. 4.10
pi ; P o (4.10)
momenta transform like the components of a gradient, not like those of a velocity. For
polar coordinates on the plane, (4.10) gives p, = (x px +y py)/r and pg = x py — y px — the
momentum conjugate to the angle is the angular momentum, as it should be.

The canonical 1-form

Definition 4.16 (Canonical 1-form). At a point (q, p) of T*Q and for a tangent vector v
there,
(p-dq)(gp(v) = p(dmv). 4.11)

In words: push v down to configuration space, and feed it to the covector p — which is
part of the point, and so is already there (Figure 4.5).

In a chart, drv = },;v%9, drops the momentum components of v, so (4.11) is
(2 pidg;)(v). The form of Example 2.9, and of Lecture 6’s action integral, is therefore the
same 1-form in every cotangent chart, because (4.11) mentions no chart.

vertical v
(¢, p) (p-dq)(v) = p(dmrv)
vertical vectors give 0
no chart was used
> Q
9 drv

Figure 4.5: The canonical 1-form. Above each g sits the fibre T;Q of momenta there. A
vector v at (q, p) is pushed down to dr v and fed to p, which is part of the point.
A vector along the fibre projects to zero and is not seen.

Theorem 4.17 (Every cotangent bundle is symplectic). w = —d(p - dq) is a symplectic form
on T*Q, and in every cotangent chart it is },; dg; A dp;.
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Proof. Ina chart, d( Y p;dq;) = >;dpi Adq; = — X; dgi Adp;, SO w is the standard form there,
which is non-degenerate (Example 3.16). It is closed because it is exact: dw = —dd(p-dq) = 0.
And it is the same form in every chart, because p - dgq is. =

So the pendulum’s cylinder, the double pendulum’s T*T? and the rigid body’s T*SO(3) are
symplectic, with no choice made.

The minus sign, and why it costs nothing

The minus sign in w = —d(p - dg) comes with the wedge order dqg A dp, which (3.13)
showed is the one giving Hamilton’s equations. It is compensated where it matters. Orbits
of the oscillator run clockwise in the (g, p)-plane, a clockwise orbit bounds its disc with
the opposite orientation, and the two signs cancel: 55 p dq along the motion is + fD w, the
enclosed area, which is positive (§ 3.4 computed it). So the action integral of Lecture 6,
taken along the motion, comes out positive.

Reading
Point transformations are canonical

A diffeomorphism ¢ of configuration space moves momenta by the transpose of its inverse
Jacobian — that is (4.10) read as a map — and so lifts to a map $(q, p) = (¢(q), p’) of
T*Q, the cotangent lift. Because p - dq is defined without a chart, ¢*(p - dq) = p - dgq, and
hence ¢*w = w by (3.6). Every change of configuration coordinates, with the momenta
carried along as covectors, is a canonical transformation. This is why passing to polar
coordinates, with py the angular momentum, never needs checking. It is also the type-2
generating function S(q, p’) = ¥; p;. ¢;(q) of Proposition 4.9, as a one-line computation with
(4.6) confirms.

4.6 What it buys

* The count in the definition of integrability. At most n independent functions Poisson-
commute (Proposition 4.11), because their Hamiltonian vector fields span a subspace
on which w vanishes. So n is the most one can ask for, and Lecture 5 asks for exactly
that.

* The shape of the invariant tori. The oscillator’s level sets are Lagrangian tori (Ex-
ample 4.15). Lecture 5 proves the same of every compact connected component
of a common level set of n functions in involution on which their differentials are
independent.

* The tool for action—angle variables. A type-2 generating function S(g, P) produces a
canonical transformation (Proposition 4.9), and a solution of Hamilton—Jacobi is a
family of Lagrangian graphs. Lecture 6 builds the action-angle variables from such an
S(q,1).

* A chart-free p-dq. On any cotangent bundle the canonical 1-form needs no coordinates
(Definition 4.16), and w = —d(p-dq) (Theorem 4.17), so the action integral of Lecture 6
is the same in every chart.

10
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4.7 Caveats, in one place

* Status. Of the results the lectured core uses, three are proved only in readings: the
Jacobi identity for the bracket of w, that symplectomorphisms are the maps with
canonical brackets (Proposition 4.7), and that Hamiltonian flows are symplectic. So
the engine and Corollary 2.6 on a general symplectic manifold rest on two reading
proofs, this lecture’s and the second proof of the engine in Lecture 2. Darboux’s
theorem is sketched, and its version adapted to commuting functions is cited, both in
a reading. Propositions 4.2, 4.9, 4.11 and 4.14 and Theorem 4.17 are proved in the
lectured core.

* Generating functions are local. Proposition 4.9 holds where (g, P) are good coordinates.
A closed 1-form need not have a global primitive, and Lecture 6’s S(q,I) changes
branch at the turning points (Figure 4.3).

Reading

4.8 Darboux’s theorem: no local invariants

Theorem 4.18 (Darboux - sketched). Every point of a 2n-dimensional symplectic manifold
(M, w) has a chart q1, ...,qn, P1, - - -, Pn around it in which w = }; dgq; A dp;. (da Silva,
§8.1; Arnold, §43.)

Such a chart is a Darboux chart, or canonical coordinates. So any statement about w alone
— or about the bracket and the fields X built from it — that is proved in ¢’s and p’s holds
near every point of every symplectic manifold.

What “no local invariants” means — and what it does not

Compare a Riemannian metric, which measures lengths and angles. A sphere of radius R has
curvature 1/R? at every point, and curvature is a local invariant: no chart, however small,
makes the sphere’s metric into the flat dx? + dy?. Darboux’s theorem says a symplectic form
has nothing of the kind (Figure 4.6): every small patch of every 2n-dimensional symplectic
manifold is indistinguishable from every other, and the dimension is the only local invariant
there is.

b
L/A—‘—‘K i Every cell on the right has
L T A Darboux the same w-area, and so
\/_'_\‘Fﬁ/‘r chart do their distorted images
1 g on the left.
on M: curved, uneven cells w =dgAdp

Figure 4.6: A Darboux chart straightens a symplectic form. Contrast a curved surface, where
no chart can make the metric flat even on a tiny patch.

It is easy to hear “no local invariants” as “nothing interesting happens”, and that is the
opposite of the point: everything interesting is global. It lives in loops that do not bound, in
regions of finite size, in how charts are glued together — never at a point. The actions of

11
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Lecture 6 are integrals over loops, and the tori of Lecture 5 are compact; neither is visible
in a Darboux chart.

Why it is true: Moser’s idea

At a single point, linear algebra already makes w standard (the reading proves this). Call
that constant form wg and join it to w by the straight line w; = wg + t(w — wp), 0 <t < 1.
Near the point each w, is non-degenerate, and w — wq is closed, hence w — wy = do by the
Poincaré lemma (Theorem 3.4). Now look for a flow ), that pulls every w, back to wo. Its
velocity V, is forced: v, w, = —o, which non-degeneracy solves. That this V, does the job is
one differentiation, which uses dw, = 0 and a formula for differentiating a form along a flow
that we cite (reading). Then ¥ carries w to wg, and its coordinates are a Darboux chart.

At a point it is linear algebra; near a point it is Moser

Lemma 4.19 (Linear Darboux). Let w be a non-degenerate antisymmetric bilinear form
on a vector space V. Then V has a basis e1,...,en, f1,..., fn With w(e;, fj) = 8;; and
w(e, ej) = w(fi, fj) = 0. In particular dimV = 2n.

Proof. Pick any e; # 0. By non-degeneracy some f; has w(e1, f1) # 0; rescale it to 1. On
U = span(es, f1) the form is non-degenerate, and its w-complement U® = {v : w(v,e1) =
w(v, f1) = 0} has dimension dimV — 2 and meets U only in 0. SoV =U & U%, and w is still
non-degenerate on U”: a vector there pairing to zero with all of U% also pairs to zero with
U, hence with V. Repeat inside U®. [

Lemma 4.19 makes w standard at one point by a linear change of coordinates. A metric
can be pushed a little further — suitable coordinates make it Euclidean at a point to first
order — but no further: at second order its curvature is in the way. A symplectic form can
be made standard on a whole neighbourhood, and that is Theorem 4.18. The proof spends
closedness in exactly one place.

Proof of Theorem 4.18 (sketch: Moser’s trick). Work in a chart around a point zg in which,
by Lemma 4.19, w1 := w agrees at zo with the constant form wo = Y, dg; A dp;. Join them by
w; = wo+t(w1—wo), t € [0,1]. Each w; is closed, and equals wq at 2o, so it is non-degenerate
on a small ball around zy. On that ball w; — wq is closed, hence exact by the Poincaré lemma
(Theorem 3.4): w1 —wo = do, and o can be chosen to vanish at zg by subtracting its constant
part. Define a time-dependent vector field V; by «,w; = —o; it exists by non-degeneracy and
vanishes at zg, so its flow i, fixes zo and is defined near zo up to t = 1. The one tool used
without proof is Cartan’s formula for the rate of change of a form along a flow (da Silva,
§6.1), which gives

%4]:@ = ;7 (d w,w; + ty,dwe + w1 — wo) = P; (—do+0+do) =0.

Closedness is spent in the middle term. So y]w1 = wo, and the coordinates q, p composed
with 7 ! are a Darboux chart for . |

12



4 One structure: canonical maps and Lagrangian submanifolds

The use Lecture 5 and Lecture 6 make of it

Theorem 4.20 (Darboux, adapted to commuting functions - cited). Let F1, ..., F, be func-
tions with {Fi, Fj} = 0 and dFy, . .., dF, linearly independent at a point. Near that point
there are functions 1, ...,, such that (y,F) is a Darboux chart: w = };dy; A dF;.
(Bolsinov—Fomenko, Lemma 1.1, stated there in their convention w = Y. dp A dq.)

In such a chart the F; are momenta and the ; positions, so by Proposition 4.2 Xz, = 8/3y;:
the commuting flows are translations at unit speed. That is the whole of the Liouville-Arnold
theorem locally, and it costs nothing — as Babelon, Bernard and Talon remark (ch. 2,
Remark 2), near any point where dH # 0 Darboux gives canonical coordinates with H = P,
so every Hamiltonian is “integrable” on a small enough patch.

So Lecture 5 is not trivial. Its question is whether the ; continue over a whole level set,
and what they do when they are continued: they come back to themselves, which makes
them angles and the level set a torus. Action-angle coordinates are an adapted Darboux
chart on a whole neighbourhood of a torus, and the global part is what Lecture 5 and
Lecture 6 add.

Reading

4.9 The Liouville volume w"/n!, and more than volume

Proposition 4.21 (The Liouville volume form). In canonical coordinates,

wn

—= dq1 Adp1 Adga Adpa A -+ Adg, A dp, (4.12)
n.

which as a measure is the phase-space volume of Liouville’s theorem (an exercise),

dq; ---dgndpy ---dps. In particular w™ is nowhere zero, on any symplectic manifold,

since a Darboux chart exists around every point.

Proof. Expanding " by bilinearity, a term with a repeated index repeats a 1-form and
vanishes. The survivors are the n! orderings of the 2-forms dg; A dp;, which commute by
(2.16) and so are all equal. Reordering into dq; A - -+ A dg, Adp; A--- A dp, costs a sign
(-1)"(=1)/2 which a measure does not see. =

Theorem 4.22 (Liouville, in one line - as Proposition 4.8). For any region R and any t for
which ¢, is defined on all of R, vol(¢.(R)) = vol(R), where vol is the measure of w"/n!.

Proof. By Proposition 4.8 and the rule F*(a AB) = F*a AF*B (3.6), @; (w™/n!) = (p;w)"/n! =
w™/n!. Now change variables in the integral, ¢ being an orientation-preserving diffeomor-
phism onto its image: fqu (ry@"/n! = [ @i (@"/n!) = [ @"/nl. =

This is Liouville’s theorem on phase-space volume (an exercise), now a consequence of

the stronger ¢;w = w. For n = 1 the two coincide; for n > 2 the symplectic statement is
strictly stronger.

Theorem 4.23 (Poincaré’s integral invariant - proved modulo Stokes). Let y be a closed
loop in R?*" and let ¢, be defined on it. Then

f p-dq = fp-dq-
@0y Yy

13



4 One structure: canonical maps and Lagrangian submanifolds

The proof, Stokes on the tube the loop sweeps out (Figure 4.7), is in the reading.

Proof. Sweep the loop along the flow: ®(s,u) = ¢,(y(«)) maps the cylinder C = [0, t] x S!
into phase space, with 9,® = Xy. Orient C by ds A du; its induced boundary is then the top
loop minus the bottom one, so Stokes (Theorem 3.11) applied on C, as in Corollary 3.13,

gives
f.p%hi¢p®=/®mwd®=i/@@
POy 4 C C

using d(p - dg) = Y dp; A dg; = —w. Relative to ds A du the integrand ®*w has coefficient
w(9;D,3,®) = w(Xy,d,®) = dH(3,P) = 3,(H o @), by (4.1). At each fixed s this is the
derivative of a periodic function of u, so its integral over u € S! vanishes; by Fubini, so does
f d*w. -
c

The same holds on any cotangent bundle, since the proof used only two facts that hold
there globally: d(p - dq) = —w (Theorem 4.17) and tx,,w = dH (Definition 4.1).

f V®=fn®
@0y Y

POy

trajectories of Xy

Figure 4.7: Poincaré’s integral invariant: the loop is carried along the trajectories and
deformed, and f p - dq does not change. By Stokes the change is — f w over the
tube, and one edge of every cell of the tube is X, with w(Xy, -) = dH, which
integrates to zero around each loop.

For n = 1 this is Liouville again; for n > 2 it conserves the sum of the signed areas of
the loop’s n shadows, counted with winding number (a figure-eight shadow contributes the
difference of its lobes), not a volume. It is the prototype of the action variable: Lecture 6
integrates p - dq around a cycle on an invariant torus, and the flow carries the cycle to
another with the same integral.

Theorem 4.24 (Gromov non-squeezing - cited). A symplectomorphism can map a ball of
radius r in R?" into the cylinder {q% + p% < R?} only if r < R. (Gromov, Invent. Math. 82,
1985.)

For n > 2 the cylinder has infinite volume, so this is symplectic, not volumetric — and not
local, since it concerns a ball of definite size. We shall not use it.

The cross-section must be a (g1, p1)-plane. Over the (q1, g2)-plane the symplectic map
(g, p) — (eq, p/¢) squeezes a ball of radius r into {g3 + g3 < £2r*}, as thin as you like.

Summary.

* Onestructure. 1x,w = df recovers Lecture 2’s Xy, with w (Xy, X;) = {f, g} (Proposition 4.2),
and the bracket of w satisfies Jacobi because dw = 0.
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4 One structure: canonical maps and Lagrangian submanifolds

* Canonical transformations are the maps with F*w = w, and generating functions produce
them because d o d = 0 (Proposition 4.9).

e Lagrangian submanifolds: dimension n, w|; = 0. At most n independent functions
commute (Proposition 4.11); graphs of closed 1-forms and the oscillator’s tori are
Lagrangian (Proposition 4.14, Example 4.15).

* Cotangent bundles are symplectic with no choice made, and w = —d(p - dq) (Theo-
rem 4.17).

* Next: Lecture 5 proves the Liouville-Arnold theorem. Where n integrals in involution
are independent, the compact components of their common level sets are tori, and the
motion on them is a straight line.

Tutorial. Exercise Sheet 4.

References

da Silva, Lectures on Symplectic Geometry, §§1-4 (symplectic forms, cotangent bundles and
the tautological form, Lagrangian submanifolds, generating functions) and §§7-8 (the Moser
trick and Darboux); Arnold, Mathematical Methods of Classical Mechanics, §§37-38 and 40—
41 (symplectic structures, integral invariants, the Poisson bracket from w), §43 (Darboux),
844 (the integral invariant of Poincaré—Cartan) and §§47-48 (Hamilton-Jacobi, generating
functions); Bolsinov and Fomenko, Integrable Hamiltonian Systems, §1.3 (Darboux, and its
version adapted to commuting functions). Conventions. da Silva’s agree with ours exactly
— w = —da with « the tautological form, x,w = dH, {f,g} = w(Xf,X,), and the engine’s
minus sign. Arnold and Bolsinov—Fomenko write w = >, dp A dg, so their w is minus ours:
check any formula from them against (3.13) and Theorem 4.17 before transcribing it.
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